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Let the functions 91(t), . . . . qA(t) determine the position of the Points 
of a material system at an arbitrary instant of time t > t,,, where t,-, is 
a given initial instant of time. We denote the derivatives of these func- 
tions with respect to time by qA+ l(t), . . . . qzk(t). Every set of funC- 
tions ql(t), ..+, qzk(t) describes some motion of a material system. One 
of these motions, described by the set of functions qlo(t), . . . , qozk(t), 

we shall call the undisturbed motion; all other possible motions of the 
material system under consideration we shall call disturbed motions. 

Let the functions Ql(ql, . . . , qZk, t), . . . , O,(ql), . . . , q2kn t) of 
the quantities q,, and t be given. Assuming that the quantities q,, Qi 

are dimensionless, we introduce the notation 

p. (q (t), t) = maxs I ‘Is (t) - 4,O (0 I (1 < s < 2%) 

P (t7 (t), 4 = maXi I zi (1) I (l<i\<n) 

xi(l) E Qi (q1 (t)> ., 9 qz/; (t), ‘) - Qi (ql’(‘)x 3 Q/i” Cl), ‘) 

In this notation, Liapunov’s 11, pp. 12-14 1 definition of stability, 
which was extended by Chetaev [ 2. pp. 9-11 1 to the case when the Qi de- 
pend explicitly on t, is completely equivalent to the following defini- 
tion: the undisturbed motion q, O(t) is said to be stable with respect to 
the quantities Qi if for every given c > 0 there exists a number 8 > 0 
such that for every disturbed motion q,(t) which satisfies at the initial 
instant to the condition 

PO (CI (Lo), to) < 6 (0.1) 

it is true that 

(0.2) 

for all t A to. 
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The problems on stability are usually considered with the assumptions 

that the functions xi(t) are continuous for all t > to, while the func- 

tions Qi are continuous in the qs and t. Hereby the functions p. and p 

have the following properties: 

0.1. The function p,(q(t), t) is a real nonnegative quantity which 

vanishes when t 2 to for the undisturbed motion q,(t). 

0.2. The function p(q(t), t) is a real nonnegative quantity which 

vanishes when t > t,, for the undisturbed motion q,(t). 

0.3. Since the quantities Qi are continuous in ql, . . . , q2kt it 

follows that for every given E > 0 there exists a number 6 > 0 such that 

if p,(q(t,), to) < 6 then p(q(t,), toI < C. 

0. 4. Since the functions xi(t) are continuous along any disturbed 

motion q,(t), the function p(q(t), t) is continuous for all t > t,,. 

Having given the general definition of stability of the undisturbed 

motion g,‘(t) with respect to the quantities Qi based on inequalities of 

the type (0.1) and (0.2), Liapunov developed his so-called direct method 

[l I on the basis of a definition of stability which follows from the 

general one under an auxiliary assumption [ 1, p. 17 1 on the properties 

of the functions Qi. In our notation this assumption can be formulated 

in the following way: 

0.5. For every given 6 > 0 there exists a number 6 > 0 such that if 

p(q(t,), fo) < 6, then p,(q(t,), to) < 6. 

It is- easily seen that if the five listed properties are satisfied 

then the above-given definition of stability is completely equivalent to 

the following definition: the undisturbed motion q so(t) is called stable 

if for every given 6 > 0 there exists a number 6 >, 0 such that for every 

disturbed motion q,(t) which satisfies at the initial instant to the con- 
dition 

:’ (q (lo), t”) < 8 (0.3) 

it is true that 

? (q (l). I) < F (OA,l 

for all t > to. 

This more restricted definition of stability, which is based on the 

inequalities (0.3) and (0.4), or on equivalent ones, has become the 
dominant one not only in the works of Liapunov but also in the works of 

later authors. In [ 3, p. 272 1 , Liapunov calls attention to the existence 



of the more general definitkon based on inequalities of the type (0.1) 
and (0.2) for the particular case when n < 2k and each of the quantities 
Qi is simply one of the quantities q, (a definition of stability with 
respect to some of the variables). In [ 4 1 theorems are formulated which 
are applicable to this definition of stability. These theorems deal with 
the properties of Liapunov’s functions which are sufficient either for 
the stability or instability of the undisturbed motion with respect to 

some of the variables; two of these theorems (on stability and on 
asymptotic stability) are proved and illustrated by examples in I[5 1. In 
[ 6 1 a theorem is proved which is applicable to the general definition 
based on inequalities of the type (0.1) and (0.2). This theorem deals 
with properties of the integral of the equation of the disturbed motion 
which are sufficient for the stability of the undisturbed motion Q, O(t) 
with respect to the quantities Qi. Appropriate examples to illustrate the 

theorems are also given in [ 6 I. 

The present work is based on the omission of the property (0.5). We 
return to the general Liapunov definition of stability, generalizing it 
to the case when the processes which are being examined for stability are 
not necessarily connected by a finite number of variables q,, Qi; hereby 
the structures of the left-hand sides of the inequalities (0. I) and (0.21 
ma9 be arbitrary as long as the hypotheses 0.1 to 0.4 are satisfied (in 
problems on the mechanics of solid media, the left-hand sides of (9.1) 
and (0.2) may depend, for example. not only on the displacements and 
velocities of the points of the solid body, but also on the deformations, 
the stresses, temperatures and so on. [ 7,8 1 1. In order to avoid ambi- 
guities with respect to the choice of the initial moments of time tu, we 
consider it useful to indicate explicitly the set To of possible initial 
moments to in the definition of stability. Furthermore, in addition to 
the definition of stability, we shall consider also the definition of 
stability which is uniform on To. For each of the definitions there is 
proved a theorem of the direct method of Liapunov on the properties of 
functionals which are necessary and sufficient for the existence of a 
given type of stability or instability. Since it is not known in advance 
whether the processes under consideration possess the properties of con- 
tinuity with respect to the initial values on a finite time interval, it 
is sensible to avoid wherever possible any assumptions on the boundedness 
or unboundedness of the time-interval T on which the stability is being 
investigated (see the note on the definition of stability on a finite 
time-interval in [ 9, p. 10 1 1. The definition of stability here has many 
similarities to the definition of “correctnessn in the theory of partial 
differential equations [ 10, pp. 28-32 ] , [ 11, pp. 80.83 1. In the proofs 
of the theorems on stability, the uniqueness of the solution is not 
assumed. On the contrary, certain results on the uniqueness are obtained 
as consequences of the existence of some functionals having certain 
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definite properties. 

1. Let Z be a set consisting of points z of an arbitrary nature. We 

say that a curve z(z O, t ,,, t 1 I beginning at z0 at the time tO, is given 
in Z if, to every value of the real parameter (time> t from the interval 

to Q t < too, or tO< t < tOO (or, more briefly, (t,, t,,)), belonging 

to the time-interval T, there corresponds a definite point z = z(zO, tO, t) 

from 2, and zO = z(zO, tO, t,). From the class of all possible curves, 
we select a subclass of curves which we shall call aprocessesn. These 
curves must satisfy certain conditions and possess the following proper- 
ties (in the n~ering of the properties ~axioms~, definitions and 
theorems, the first number is the number of the section): 

1.1. Every process, which is defined on (t,, t,,), will still be a 
process if it is considered in an arbitrary interval (t,, t,,) contained 

in (t,, too). 

1.2. If two processes have a point in common at the time tl, then the 
composite curve, which consists of the points of one of the processes 

when t < t,, and of the points of the other process when t > tl, is also 
a process. 

1.3, ‘Ihere exists a process which is defined on the entire interval T. 
We shall denote it by z = zaft) and say that it is the undisturbed pro- 
cess; all other processes z(za, to, t) f z’(t) we shall call disturbed 
processes. 

The process for which t, = to0 will be called the degenerate process. 
If to0 = 00) we shall say that the process is non-shortened. 

By a point z one may mean an arbitrary set of parameters, functions 
and SO on, which describe the state (mechanical, physical, chemical, 
etc. ) of a material system at a given moment of time t, or one of its 
properties which may be of interest in some investigation. In such a case 

the process z(zo, to, t) becomes a mathematical abstraction of a 
mechanical, physical, 'chemical, etc. process which takes place within 
the material system in course of time. 

2. If the point z at the time t belongs to some process, then we say 
that the pair (2, t) belongs to this process. Let us suppose that for 
every pair (z, t) of any given process thenz have been defined distances 
(metrics) pO(z, t> and p(z, t) having the following properties: 

2.11. ‘Ihe distance pe(z, 

(2, t3 of any process, and 
t) is a real nonnegative number for every pair 
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2.2. The distance p(z, t) is a real nonegative number for every pair 
(z, t) of any process, and 

2.3. The distance p(z, t) is continuous with respect to the metric 

p,(z, t) [uniformly I on a given set T, Q T, i.e. for every number 6 > 0 
and for every t ,, Q T,, there exists a number a(~, t,) > 0 [6(r) > 0 1 
such that the inequality p(z, t,) < c will be satisfied for all pairs 
(z, t,) belonging to any process and satisfying the condition 

P&Z, t,) < 6. 

2.4. The real function p(z(zO, t,, t ), t ) of the argument t is con- 
tinuous in t for every non-degenerate process z(t,,, t,, t) in the inter- 

val (t,, too) where it is defined. Here p(z(z,,, t,, t), t) denotes the 
distance from the undisturbed process to the point z which belongs to 

the process z(z,,, t,,, t) at the time t. 

The distances p,, and p satisfying the conditions 2.1, 2.2 and 2.3 can 

be obtained, for example, if one introduces into the set Z the metrics 

p,(z,, 2,)s P,(Z,, 2,) which satisfy the usual axioms of a metric space 

[ 12, p. 231 except for the requirement that p,(z,, z,)= 0, p,(z,, z,)= 0 

imply z1 = z2, and if one assumes then that 

F,] (2, t) = 1’1 (a, 30 (t)) _t 1)2 (a, 2” (t)), p (z, 1) = pz (-_, zo (1)) 

The property 2.4 will also hold if the processes z(z,,, t,,, t) are con- 
tinuous with respect to the metric pz. When we speak of the metrics p,, 
and p in the sequel, we shall mean the distances p,(z, t) and p(z, t) 
having the properties 2.1 to 2.4. 

3. Comparing the undisturbed process z’(t) with the various processes 

Z(ZO’ to, t) which begin at the moment to belonging to the given set 

T,‘-T , we give the following definitions of stability: 

Definition 3.1. Th e undisturbed process z’(t) is said to be stable 
with respect to the metrics p. and p on the interval T for a choice of 

the initial moment, To from the given set T,c T, if for every number 
c > 0 and for every initial moment irO E T, there exists a number 

6G ) to) > 0 such that for every disturbed process z(zo, to, t) satisfy- 
ing at the initial moment, f,:zT, the condition 

it is true that 

p (2 (zo, lo, I), t) < 6 (3.2) 
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in the entire domain of definition of the process. 

~~~~~~~~~ 3.2. 73~ undisturbed process raft) is said ta be ~~~or~~~ 
stable, with respect to the metrics pa and p on the interval T, on the 

given set T,,G T of initial moments t,, if for ~V~XY nun&m- e r 0, and 
for every initial moment t,,~ T, there exists a number 6(r ) > 0, the 

ssine far’altl t, E .TOI such that far every disturbed process z(saS taz t), 
which s&sfies condition (3.1) at the initial Ernest f,G T, it is true 
that condition (3.2) is satisfied in the entire damsin of definition of 

the process. 

Conditions (3.1) and (3.2) imply the definitions of instability. 

~~~n~~~o~ 3.3, Fe shall say that the ~d~~tu~~d process t’(t) is 

not stable with respect to the metrics p0 and p an the interval T far n 
choice of the initial instant of time t0 from the given set 1, S 1’,, if 
for some number 6 1 > 0 there exists at least one initial instant To&T, 
such that for every number 6 > 0 there exists a disturbed ~XKXSS tbgS 

to’ tl, Z& = t,@) for which condition (3. I) is satisfied at the indi- 

cated time tg, and at some time tl. ;a ta in the domain of definition of 

the process it is true that 

not uniformly stable with respect to the metrics p. and p on the inter- 
val 7’, on the set T,& T of initial time-moments ta, if for some number 

6 1 > 0 end far every S > 0, there exists a disturbed process z(z,,, to, t) 
(z. = zo@), t, = t,(d)ET,J, far which condition (3.1) holds at the 
initial mament ta and condition (3.3) is satisfied at some time t, > to 
in the drain of definition of the process. 

The mention of the metric pa in addition to the metric p (the analag 
of the quantity Qi in Liapunav’s general definition) in the definition 
of stability results from the circumstance that in various problems the 
measure of the initial disturbances can be related to the variaus 
characteristics of the processes under consideration, ‘Ihe metric ,oo 
serves as a measure of the initial disturbances. In Lispunov’s general 
definition of stability the measure of the initial disturbances is not 
explicitly agreed upon, far it is assumed that this measure is ante and 
for ali connected in a definite manner with the deviations in the co- 
ordinates and velocities. fn the case when p =_ p. we shall say that we 
are dealing with stability with respect to the (single) metric p. 

4* Let R r 0 be a fixed number, Any process z(zO, ta, t), which is 
such that for every given t from the domain of definition (t,, too), 
P(+), t,, t), t) < R, is called en R-process. Let us denote by RZT 
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the set of pairs fr, t) for each of which there exists an R-process be- 
ginning at t at the mount t. We shall say that a real functional ffz,t) 
is defined on RZT if to every pair (z,t)ERZT there corresponds a de- 
finite, unique real number ft.2, t). The value which is taken on by the 
functional f(t, t) at the time t at the point z belonging to the R- 
process z(zO, tO, 

PfJf6 

t) will be denoted by f(z(zot tg, t). The metrics 
t) and p(z, t) are, obviously, examples of functionafs. 

~~~~~ti~~ 4.~8. The functional wilt be said to be positive-definite 
with respect to the metric p, if f(z, t) z 0 for every pair~~,~)~~zT 
and if for every positive number E < R there exists a number F(E) > 0 
(depending only on 1~ 1 such that the inequality f(z, t) > p holds for 
every pair fz,t)ERZT satisfying the condition that pfz, t) z c lif 

such pairs exist). 

Definition 4.2. The functional f(2, t) will be said to be nonincreas- 
ing if along any R-process z(zO, tO, t) the function f(z(z,,, to, t), t) 
of the time t does not increase with t in the domain of definition (t,, 
tooI of the R-process, 

~~~~i~~on 4.3. The functional flz, t) is said to be continuous with 

respect to the metric.pO on the set T0 if for every number E > 0 and for 

every moment of time &ET, there exists a number S(C, t,) > 0 such 
that the inequality if{z,, t) 1 < c is true for every pair (sO,tO)EJ?ZT 
satisfying the condition polto, t,) < 6 fin consequence of the property 
2.1, the functional f(z, t) is continuous with respect to the metric p. 
on the set To, 
t, E To). 

and satisfies the condition f(ru(t,,), t,) = 0 for every 
If in this definition one can find one S which will work 

for all &ET,, i.e. if 6 depends only on ~(8 = S(C) > O), then the con- 
tinuity property 4.3 wifl be called uniform continuity on the set T,,. 

~~~~~t~~~ 4.4: The region Blf > 0) is the set of pairs (z,t)ERZT 
for which ftr, t) > 0. 'Ibe functional f(z, t> will be said to be bounded 
in the region R(f > 01 if there exists a positive number N such that for 
every pair fz, t) of this region it is true that f(z, t) < N, 

~~in~t~on 4.5. We shall say that the functional fczt tf has a 

positive-definite derivative in the region R(f> 0) if the derivative 

GMqj, to, t), t)/& exists in the entire domain of definition (t,,to,) 
of every R-process z(rO, to, t) for every f(zO, tu) > 0, and if this de- 
rivative is bounded from below by some positive number (which will depend, 
in general, on the chosen R-process). 

5. We shall prove the theorems of the direct method of Liapunov on 
stability and uniform stability, and also the propositions on asymptotic 
stability and on the connection between the properties of functionals 
and uniqueness. 
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Theorem 5.1. In order that the undisturbed process z’(t) may be stable 
with respect to the metrics po, p on the time-interval T for a given 

choice of the initial time-moment to from the given set T,& T, it is 

necessary and sufficient that for some number R > 0 there. exists on R ZT 

a nonincreasing functional f(t, t) which is positive-definite with 
respect to the metric p and continuous with respect to p. on the set To. 

Theorem 5.2. Let the distance p(z, t) be uniformly continuous with 
respect to the metric p,(z, t) on the set T,cT. In order that the un- 
disturbed process z’(t) may be uniformly stable with respect to the 
metrics p. and p on the time-interval T in the set To&I’ of initial 
time moments to, it is necessary and sufficient that for some number 
R > 0 there exists on RZT a nonincreasing functional f(z, t) which is 
positive-definite with respect to the metric p and uniformly continuous 
with respect to p. on the set To. 

We shall carry out the proofs of Theorems 5.1 and 5.2 simultaneously 
by enclosing in square brackets those additions or modifications which 
pertain to uniform stability on To. 

Necessity (in ‘Iheorems 5.1, 5.2, 6.1 and 6.2 the necessity is proved 
for the purpose of revealing the consistency of the requirements imposed 
on the functional f(z, t) by the hypotheses of the theorems). Let R be a 
given positive number. We associate with each pair (z, t) E RZT the set 
R(z, t) of all pairs (zl, t,) which belong to all possible R-processes 
that start at the point z at the time t. 

We introduce the notation 

/ (;, t) = SulJ ~(“1, tl) for (21, tl) E R (2, t) (5.1) 

(A functional of the type (5.1) was used in [ 13 1 1. 

Because R(z, t) is defined for every pair (~1, tl) CE R (2: 1) it follows 
that (z t,) < R. Hence, f(z, t) Q R and Formula (5.1) associates with 
each pai; (5, t) E RZT a unique real number f(z, t). 

From the manner in which the set R(z, t) was defined it follows that 
(2, t) E R (z, t), and from Formula (5.1) we deduce that f(z, t) >p(z, t). 
From this and from property 2.2 it follows that the functional (5.1) is 
positive-definite with respect to the metric p (Definition 4. l), and that 
one can select for ~(6 1 the number E , i.e. one may set ,U(C ) G E. 

‘Ihe functional (5.1) is nonincreasing (Definition 4.2). Indeed, let us 
consider some R-process z(zo, to, t) and any two of its points, z’ = z(z 
to, t’) and z”= z(z,,, to, t” 1 where t”> t’ 2 to. In view of propertie:’ 
1.1 and 1.2, all pairs (z, t) of the set R ZT, which belong to all 



possible prcreesses beginning at the point z' at the time tn, belong also 

to some processes beginning at the points z' at the time t '. Hence, 

fC (z', t') 2 u (f, t"1. From this and Formula (5.1) we obtain the result 

that ftz', t') 3 fCz", t"), or more precisely, that f(z(z,,, ta, t'), t') 

2 f(z(z ) t , Pa, t”). 

Thus, the functional (5.1) has the properties 4.1 and 4.2 independ- 

ently of the fact whether the process z'(t) is stable or unstable. Let 

US BS.S~I~IIE! that the process z'(t) is stable with respect to the metrics 

p,and pan the time-interval T for any choice of the initial time ta from 

the set T,z 2‘ (u&for&y stable on the set T,). ?&is means that for 

every c1 > 0, and for every instant of time f, E 7, there exists a 

number S,(rr, t,) > of 61k1I > 0 I such that for every disturbed process 

+)' to, t ) satisfying at the initial instant t,~ II', the condition 

P&O' to) < 8, it is true that p(~(z,, tO, t), C) c c1 in the entire 

domain of definition Qf the process. By the definition of the set R(z, t) 

we now have the result that p(zl, tl) i: f 1! for every pair&, tl) e I?@,, t,) 

and from Formula (5.11 it follows that 0 d f(zo, to) G c 1. Hence, the 

functional (5.1) is continuous with respect to the metric p. (uniformJy 

continuous) on the set T,. For the number S we may choose, for example, 

the number see, do) = 8,&/Z, t,)t&(e) = 8,(6/Z) I, 

~u~~~&~~~~y. Let us assume that for some number R > 0 there exists on 

RZT a nonincreasing functional ffz, t) which is positive-definite with 

respect to the measure p and continuous (uniformly continuous) with re- 

spect to the metric p. on To. Let a positive number E be given. Ohvious- 

ly, in the proof of the theorem one may WW_UTB that 6 < R. 

Case 1. For the given E, there exist pairs (z,!)~ RZT, which satisfy 

the condition p(z, o he. 

The functional f(z, t) is positive-definite witb respect to the metric 

p Gkfinition 41). Hence, there exists a number a@) > 0 such that 

fCz, t) > p for every pair (s,b)$~ KZ1': satisfying the condition 

pfz, tI2 2. 

The functional f(z, t) is continuous (uniformly continuous) with xe- 

spect to p. on the set To (Definition 4.3). Hence, for the number ~(6 )> 0 
and for any instant of time t&7'" there exists a number 6,(pk),to)>0 

[6 (P(E)) > 01 such that the inequality 1 f(zo, toI 1 < p is satisfied far 
every pair (so, t,,)E NZ7' satisfying the cQnditionpO(zO, toI < 6,. 

The distance p(z, 8) is continuous (u~if~~ly continuous) with respect 

to the metric pg(z, t) on T, [property 2.3). Hence, for every given E > 0 

and for every ti~-~~nt t,~ T, there exists a number S2(fP t,) > 0 

ta,k> > 01 such that the inequality pfz,, t,) c E is satisfied for every 

pair (zu,t,)k HZT satisfying the condition ~~fz~, t,) < 6,. 
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Let us introduce the notation 

0, to) = mWdt+), to), W, to)), 16 (8) = min (h (p (E)), 6, @))I 

and let us show that for every initial instant of time t,ET, every 

disturbed process z(za, t,, t) satisfying condition (3.1) in the entire 

domain of definition will satisfy condition (3.2). Suppose this is not 
true, and that for some instant of time tOETO there exists a disturbed 
process z(zO, to, t) for which condition (3.1) holds, while at some in- 

stant tl > t, from the domain of definition of the given process we have 

P (-- (zo, to, h), h) > F (5.2) 

In view of the choice of the number 6 Q a,, it follows from condition 
(3.1) that 

f (z (z0, to7 to), to) = !!zo, t,) < p (5.3) 

In view of the choice of the number 6 G 6,, it ‘follows from (3.1) also 
that 

P (2 (zo7 t,, to), 4)) = P (zo, f,) < 8 

From this and condition (5.2) it can be seen that to < tl, i.e. the 
considered process is non-degenerate. Let us consider the set of all 
those values t from the interval t, Q t < t, for which it is true that 

p(z(zu, to, t), t) > 6. ‘Ihis set is non-empty, for by property (5.2) it 
contains the value t = t,. Let us denote the lower boundary of this 
bounded non-empty set by to0 and the corresponding point of the process 
under consideration by zoo = z(z,,, t,,, to,). From the continuity of the 
function p(z(za, t,, t), t) (property 2.4), and from the definition of 
the lower boundary, we find that for every t of the interval to Q t G to,, 
it is true that p(z(za, to, t), t) < 6, and that 

P (z (zo! t,> to,), to,) = P (zoo, t,,) = F 

Therefore, (see the beginning of the proof) 

I (z (zo, to, too), to,) == ! (zoo, f,,) 2 \’ (5.4) 

Since c < R, the considered disturbed process z(z,,, to, t) is an R- 
process in the interval (t ,, < t < too). For this R-process the inequality 
(5.3) holds when t = t,; when t = to,, > t,, we have the inequality (5.4) 
which contradicts the condition that the functional f(z, t) is nonincreas- 
ing (lkfinition 4.2). 
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Cuse 2. For the given c there exists no pair (2, ~)EI?XZT which 

satisfies the condition p(z, t3 2 ci. 

'Ihe distance p(z, t) is continuous (uniformly continuous) with respect 

to the metric p,,(z, t) on the set T, (property 2.3). Therefore, for the 

given number E > 0 and for every instant of time t,ET,, there exists a 

number S(r, t,) > 0 t&(r) > 01 such that the inequality p(z,, t,) < E 

holds for every pair (zO, ~,)ERZT satisfying the condition that 

P&J t,) < 8. For the found 6, condition (3.2) is satisfied for every 

disturbed process z(z,,, t,, t) satisfying condition (3.1) in the entire 

domain of definition of the process. Let us assume that this is not true, 

and that there exists a disturbed process z(tO, t,, t) for which condi- 

tion (3.1) holds, and that due to the choice of S 

but that for some instant tl 2 t0 from the domain of definition of the 

process, condition (5.2) holds. Gmparing (5.5) with (5.2), we see that 

t, > to' i.e. the process under consideration is non-degenerate. Because 

of the continuity of the function p(z(zO, to, t), t) (property 2.4) there 

exists an instant of time t* in ta g t < tl such that the point 

;;,= 

t(rg, t(), t*) satisfies the equation pJz*, t*) = 6. Since e < R and 

t,)E RZT , we have arrived at a contradiction to the initial hypo- 

thesis of Case 2. Theorems 5.1 and 5.2 have thus been proved. 

Supplenent on the asymptotic properties of the functional f(z, t). 

Let us assume that the undisturbed process z*(t) is stable with respect 

to the metrics p,, and p on the time-interval T and uniformly stable on 

the set To = T of the initial instants to, and let there exist unabridged 

proGesses z(zo, to, tf which approach asymptotically (in the metric poI 

the undisturbed process z*(t), i.e. they satisfy the condition 

pO(z(zo, to, t), t)-+O when t-+-cc (5.6) 

Then, for some number R > 0, there exists on RZT a nonincreasing 

functional f(z, t) which is positive-definite with respect to p and uni- 

formly continuous, with respect to the metric pot on the set To = T 

(this was already proved in Theorem 5.2) which vanishes along any R- 

process that satisfies condition (5.6); this means that 

f (2 (zo, f,, t), t) -+O when t -+ a2 (5.7) 

(This result will still have to be proved.) 
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Proof: Let E > 0 be given, and let z(za, tO, t) be any R-process 

satisfying condition (5.6). We must show that there exists an instant of 
time tl > t, such that for all t 24 tl jf(z(z,,, t,,, t), t) 1 < E along all 
the R-processes under consideration. 

‘Ibe functional f(z, t) is nniformly continuous with respect to the 
metric pa on the set T,, = T (Definition 4.3). Hence, for the given 6 > 0, 
and for every instant of time TV T there exists a number S(E) > 0, de- 

pending only on E , such that 1 ftz, t) 1 < c for every pair (z, t) ERZT 

satisfying the condition pa (.a, t) < S. In view of condition (5.61, and 

by means of the found number S(r ), one can find an instant of time 
tl h to such that po(zrt t,) < 8 at the point zr = zfza, t,, t,), and 

hence, 1 f(zl, tl) 1 < 6. Since the functional f(z, t) is positive-definite 
and nonincreasing (Definitions 4.1, 4.2) for all instants of time t > tl, 
the inequality 

holds along any one of the R-processes under consideration, which was to 

be proved. 

S~~~e~nt on the u~y~tot~c be~~ior of ~e~tur~e~ processes. Suppose 
that for some number R > 0 there exists on RZT a functional fh, t) 
which is positive-definite with respect to the metric p, and suppose 
there exist unabridged R-processes z(z,,, to, tl along which the func- 
tional f(z, t) vanishes, i.e. satisfies condition (5.7). Then every such 
R-process approaches asymptotically with respect to the metric p a certain 
undisturbed process z’(t), i. e. the following condition holds: 

p (z (z,,, to, t), t)-+O when t-+ oc (5.8) 

Proof. Let z(za, t,, t) be some unabridged R-process satisfying con- 
dition (5.7) and let c be a given positive number such that c < R. We 
must show that there exists an instant of time tl s to such t~t~~z(z~, 
to, t), t) < E for all t A tl on the R-processes under consideration. 

If the considered R-process does not contain any pairs (z, t) which 
satisfy the condition p(z, t 1 > e , then the proof is trivial and t 1 = to. 

Suppose that the considered R-process contains a pair (z, t) for which 
p(z, t) > E. Tke functional f(t, t) is positive-definite with respect to 
the metric p (Definition 4.1). Therefore, for every given positive number 
6 there exists a number ,u(e) > 0, depending on C, such that f(z, t) > p 

for every pair (z, t) E RZT, satisfying the condition p(z, t) > l , The 
functional f(z, t> vanishes along the considered R-process z(zaS t,, t). 
Hence, for p > 0 there exists an instant of tl 3 to such that f(z(zOa 
t,, t), tl < p for all t 23 t,. But then for all t z tl we must have 
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P(Z(ZO# to, t), t ) < 6, for in the opposite case we would have 

e <P (2 (zo, to, q, q < B 

for some t > tl, and, hence, we would have f(z(z,,, to, t), t) > p. This 
establishes the relation (5.8). 

Supplement on the connection between the properties of functionals 

and uniqueness. An undisturbed process z’(t) will be said to possess on 
the set To the property of p-uniqueness to the right if, for every pro- 
cess z(zO(t), to, t) starting at the point z”(tO) of the undisturbed 
process at the time to E To it is true that p(z(z’(t,), to, t), t) q 0 

in the entire domain of definition (it is obvious that because of the 
properties 1.1 to 1.3 the undisturbed process z’(t) which has the pro- 
perty of p-uniqueness to the right on To will also possess this property 
on every subset of the interval T which lies to the right of the lower 
boundary of To 1. 

Consequence of the theorems on stability. If there exists a functional 
f(z, t) which has the properties specified in the hypotheses on Theorems 
5.1 and 5.2, then the undisturbed process z’(t) has on the set To the 
property of p-uniqueness to the right. Indeed, suppose that this is not 
so and that there exists a process z(z’(t,), to, t), t,~?‘,, for which 
at some time t, > to, the following condition holds: 

P (z (z” KJ, to, G, tl) = El > 0 (9.9) 

The disturbed process under consideration satisfies for every given 
6 > 0 condition (3.1) since we have, by property 2.1, that 

PO (z (z” (to), to, Lo), to) = PO (z" (to), 4J = 0 (< 6) 

Eht by (5.91, with E = c 1, condition (3.2) is violated at the time 
tl > to. Hence, under the stated hypothesis, the undisturbed process 

z’(t) cannot be stable with respect to the metrics PO and p on the inter- 
val T for a choice of the initial moments from To. This contradicts the 
conclusion of the theorems of stability (sufficiency). 

It is obvious that the theorem of [ 6 1 is a consequence of the 

theorem 5.1 (sufficiency) for, by the hypothesis made in 16 1 , the inte- 

gral (1.5) of [6 I satisfies the conditions of Theorem 5.1 if one intro- 

duces the metrics p. = x z:, p = s y: (the positive-definiteness of Q 

with respect to the metric p follows from the inequality (1.6) of [ 6 1 
and from the hypothesis on the positive-definiteness of the function 3; 

the nonincreasing nature of $ follows from the fact that Q is an inte- 

gral; the continuity of C) with respect to the metric p. follows from the 
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hypothesis on the continuity of the function 4 with respect to all its 
variables), 

6. Let the following conditions be satisfied: 

6.1. For some number R, > 0 we have on R, Z T the condition of unique- 

ness to the right. ‘Ihis means that for every pair (c,,! 1,:) E R,%T’ any two 

RI-processes zl(z,,, to, t) and z2(z0, t,,, t), which begin at one point 
z,, at the same time t,, coincide for t > t,, in the common part of their 
domains of definition (this hypothesis is used only in the proof of 
necessity). 

6.2. For every pair (:. I) -Z 11,%2’ there exists an unabridged disturbed 
process which begins at the point z at the time t (this hypothesis is 
used only in the proof of sufficiency). 

Under the above conditions the following theorems on instability are 
valid. These theorems generalize the theorem of Chetaev [2 1 to the case 
of two metrics. 

Theorem 6.1. In order that the undisturbed process z’(t) may not be 
stable with respect to the metrics p,, and p on the time-interval T for 
any choice of the initial instant of time to from the given set T,CT 
i.t is necessary and sufficient that for some R> 0, there exist on ,SZT a 
bounded functional f(z, t) which has a positive-definite derivative in 
the region R(f > 01, and that for at least one instant of time i,, E Z’, 
and for every given 6 > 0 there exist a pair (zO, t,) in the region 
R(f > 0) satisfying the condition p,,(zo, t,) < 6 (the point z,, = ~~(6) 
depends, in general, 
for all 6). 

on the chosen 6; the instant of time to is the same 

Necessity. Let us take any positive number R Q R,. Let (z,,, t,) be a 
definite pair of the set RZT. From all possible R-processes z(z,,, t,,, t) 
which begin at the point z,, at the time tu, we select the one for which 
the domain of definition (t,, too) is the largest. We call this process 
the maximal process. In view of the assumed uniqueness to the right 
(condition 6.11, there corresponds a unique definite maximal R-process 
z(zg, to, t) to each given pair (z!,. !J E lCZ1’. We shall say that the 
maximal R-process z(zs, to, t) can be extended to the boundary p (z, t) = R 
if its domain of definition is of the form to Q t < too, t,,O < bo, and if 
there exists a disturbed process z(z,,, to, t) for which 

Along any maximal R-process z(z,,, t,,, t), in the entire domain, of 
its definition (t,, too), we set 
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1 (z (zO, t,, t), 1) =: 1~~~0~~ if z(z,, t,,, 1) can be extended to 

the boundary (2, t) = E ((j. 1 b 

f (: (q,, to, ti, t) - 0, if z(uno, t,, t) cannot be extended to 

the boundary (Z, t) = 13 

(A functional of the type (6.1) was used in [ 14 I ). In this manner there 
is associated with each pair (z, t) E RZT a unique real number f(2, t) 
(the uniqueness is a consequence of the uniqueness to the right, while 
the existence of the number is obvious from Formulas (6.1)). 

Formulas (6.1) show that the condition 0 G f(z, t) < 1 is satisfied 
for every pair (z, t) E RZT; hence, the functional (6.1) is bounded in 
the region R(f > 0) (Definition 4.4). 

Along any R-process z(za, ta, t) for which f(za, t,) > 0, the func- 
tional (6.1) takes on values which are given by the first of Formulas 
(6.1). ‘Ihe derivative 

yg f (2 (ql, to, t), 2) = exp (t - t,,) 

exists everywhere and is bounded from below by the number exp (t,- t,,)> 0. 
Hence, the functional (6.1) has a positive-definite derivative in the 
region R(f > 0) (Definition 4.5). 

Thus, independently of the stability or instability of the undisturbed 
process t’(t), the functional (6.1) satisfies the requirements of Defini- 
tions 4.4 and 4.5 (we call attention to the fact that this does not imply 
that the region R(f > 0) is not empty for the functional (6.1)). 

Suppose that the undisturbed process z’(t) is not stable (Definition 
3.3). Then for every number Ed > 0 there exists at least one initial in- 
stant of time to= T,, such that for every 6 > 0 there exists a disturbed 
process z(zo, to, t), z. = zo(S) for which condition (3.1) holds at the 
indicated initial instant to and for which condition (3.3) is valid at 
some instant of time t, ato from the domain of definition of the process. 

Let a positive number 6 be given. It is obvious that in the proof of 
the theorem one can consider 6 to be so small that, in view of ,the con- 
tinuity of the distance p(z, t) with respect to the metric po(z, t) 
(property 2.3), the inequality (3.1) must imply the inequality 

p (Z”. t,) < I{ (G.2) 
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where R is the smaller of the two positive numbers f1 and R,. For the 
given 6 we take a disturbed process z(zO, to, t) which satisfies condi- 
tions (3.1) and (3.3). Then, because of the sufficient smallness of 6, 
condition (6.2) will also be satisfied, and because of the choice of the 
number R <cl, we will have the inequality 

P (z (z0, $I, t1), f,)> 11 (6.3) 

Comparing (6.2) and (6.3) we see that tl > t, and that the considered 

process z(zO, t,, t) is non-degenerate. Because of the continuity of the 

function p(z(zO, to, t), t) (property 2.4), we can conclude, on the basis 

of (6.2) and (6.3), that there exists a finite instant of time to0 > t, 
such that the disturbed process under consideration satisfies the condi- 
tions 

p (z(zO, t,, t), t) < R when t, <t < t,,,,, P (2 (5J, to, 4x,), 4x) = R 

Hence, for the pair (to, t,), this disturbed process z(zO, to, t) on 

the interval to Q t < to0 is a maximal R-process which can be extended 

to the boundary p(z, t) = R. ‘Ihe functional (6.1) constructed on RZT 

takes on positive values along this R-process. In particular, 

f(zi), t,) = exp (t, - to,,) > 0; the pair (z,,, 
R(f > 0) and satisfies, 

t,) belongs to the region 
for any given number 6 > 0, the condition 

P&p t,) < 6, which was to be proved. 

Sufficiency. Let R > 0 be given, and suppose that there exists on RZT 

a bounded functional f(z, t) which possesses a positive-definite deriva- 
tive in the region R(f > 0). Furthermore, let us suppose that for some 
instant of time to= T, and for every given number 6 > 0 there exists a 

pair (zO, t,) from the region R(f > 0) which satisfies the condition 

P&p t,) < 6 (the point z 
6; the instant t 

0 = z,(s) depends, in general, on the chosen 

8 
is the same for all 6). Let us assume that the undis- 

turbed process z (t) is stable with respect to the metrics p. and p on 
the time-interval T for a choice of the initial instant of time t, from 
the given set T,c T (Definition 3.1). Then, for the number R > 0, and 
for the above-indsated instant of time &ET,, there exists a number 
a(R, t,) > 0 such that for every disturbed process z(zO, t,,, t), satis- 
fying at the initial instant t,, condition (3.1), it is true that 
P(+), t(), t), t) < R in the entire domain of definition. ‘Ihis means 
that the process is an R-process. 

On the basis of the condition of the theorem, one can find, for the 
found 6, a pair (zO, 
condition p,,(zO, 

t,) from the region R(f > 0) which satisfies the 

t,) < 6; and, because of condition 6.2, one can find an 
unabridged process z(zO, t,,, t) which corresponds to this pair and which 
is an R-process, as was already shown. Since the functional f(z, t) 
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possesses in the region R(f> 01 a positive-definite derivative (llefini- 
tion 4.51, it follows that for some number v > 0 the next displayed in- 
equalities hold along the considered unabridged R-process z(za, ta, t) 
for all t in the interval ta & t < m : 

Since f(ro, to ) > 0 and v > 0, the right-hand side of the last in- 

equality is positive for every t from the interval t0 < t < - and, for 
large enough t, it exceeds any previously given number. ‘ibis contradicts 
the hypothesis on the boundedness of the functional f(z, t) in the 
region R(f > 0) (Def inition 4.4). This completes the proof of ‘Ibeorem 
(6.1). 

Theorem 6.2, In order that the undisturbed process z’(t) may not be 
stable with respect to the metrics po, p on the time-interval T and not 
be uniformly stable on the given set 3’,~~1’ of initial moments of time 
t,, it is necessary and sufficient that for some number R > 0 there 
exist on RZT a functional f(.z# t) which is bounded and has a positive- 
definite derivative in the region R(f> O), and that for every number 
6 > 0 there exist a pair (~a, toI, of the region R(f> 01, which satis- 
fies the condition po(to, to) < 6, t,~ T, (the point z. = za(S) and 
the instant of time to = t,(8) depend, in general, on the chosen 8). 

Necessity. In the proof of Theorem 6.1 it was established that if 
condition 6.1 was satisfied then, independently of the stability or in- 
stability of the undisturbed process z’(t), the functional (6.1) will be 
bounded and possess a positive-definite derivative in the region R(f > 0) 
(Definitions 4.4 and 4.51. 

Let us assume that the undisturbed process z’(r) is not uniformly 
stable on the set To (Definition 3.4). Ben,_ for some number c 1 > 0, and 
for every number 6 > 0 there exists a disturbed process 

which satisfies conditions (3.1) and (3.3). Making use of this, and re- 
peating word for word the end (from just before Formula (6.2)) of the 
proof of necessity of Theorem 6.1, we establish that the functional 

(6.11, constructed on RZT where R is the smaller of the two positive 
numbers c 1 and R,, also possesses the third property of Theorem 6.2. 

~~ff~c~e~c~, Let R be some positive nnmber. Let us suppose that there 
exists on RZT a functional f(zI t) which is bounded and possesses a 
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positive-definite derivative in the region R(f > 0). Furthermore, let US 

suppose that for every 6 > 0 there exists a pair (z,, t,) of the region 
R(f > 0) which satisfies the condition p,,(z,,, t,) < 6, t,~ T, (the point 

20 = z&8, and the instant of time t,, = t,(s) depend, in general, on 
the chosen 6). Let us assume that the undisturbed process z’(t) is stable 
with respect to the metrics p. and p on the time-interval T and uniformly 
stable on the given set, T,cT of initial instants of time to (Defini- 
tion 3.2). Ihen, for R > O,<nd for every initial instant t,eT, there 

exists a number 6(R) > 0 (the same for all instants &ET,-, j such that 
every disturbed process z(zo, to, t) which at the initial instant of time 

G=Tll satisfies condition (3.1) will satisfy also ,the condition 

P(Z(Z,, to> t), t) < R in the entire domain of definition; namely, it 
will be an R-process. Making use of this and repeating word for word the 

end (from the second paragraph on the sufficiency) of the proof of 

'Iheorem 6.1, we establish the existence.of an unabridged R-process along 

which there is violated the condition on the boundedness of the func- 

tional f(z, t) in the region R(f > 0). 'Ihis proves Theorem 6.2. 

BIBLIOGRAPHY 

1. Liapunov. A.M., Obshchaia zadacha ob ustoichivosti dvizheniia (General 
problem on the stability of motion). Sobr. soch. (Collected Works), 

Vol. 2. Izd-vo Akad. Nauk SSSR, 1956. 

2. Chetaev, N. G. , Us toichivos t ’ dvizheniia (Stability of Motion). Gos- 

tekhteoretizdat, 1955. 

3. Liapunov, A.M. , Issledovannie odnogo iz osobennykh sluchaev zadachi 
ob ustoichivosti dvizheniia (Investigation of a special case of the 
problem on the stability of motion). Sobr. soch. (Collected Works), 

Vol. 2. Izd-vo Akad. Nauk SSSR, 1956. 

4. Malkin, I. G., Ob ustoichivosti dvizheniia v smysle Liapunova (On the 
stability of motion in the sense of Liapunov). Mater. sb. Vol. 3 
(451, No. 1, 1938. 

5. Rumiantsev. V. V., Ob ustoichivosti dvizheniia po otnosheniiu k chasti 
peremennyk (On the stability of motion with respect to some of the 
variables). Yestn. MCU, Mekhanika NO. 4, 1957. 

6. Rumiantsev, V. V., Odna teorema ob ustoichivosti dvizheniia (A theorem 
on the stability of motion). PMM Vol. 24, No. 1, 1960. 

7. blovchan. A.A., 0 priamom metode Liapunova v zadachakh ustoichivosti 
uprugikh sistem (On Liapunov’s direct method in problems of stabil- 
ity of elastic systems). PMM Vol. 23, No. 3, 1959. 



8. kiovchan, A. A. Ob ustoichivosti dvizheniia sploshnvkh tel. Teorema 
Lsgranzha i ee obrashchenie (On the stability of motion of solid 
bodies. Lagrange’s theorem and its inversion). Inzh. sb. Izd-vo 
Akad. Nauk SSSR, Vol. 29, 1960. 

9. Krasovskii, N. N., Nekotorye zadachi teorii ustoichivosti dvizheniia 

(Some Probleas of the Theory of StabiEity of Motion). Fizmatgiz, 
1959. 

10. Sobolev, S.L., ~rau~eni~~ aatenaticheskoi fiziki ~~~uutio~s of 

~ath~~~tical Physics). Gostekhteoretizdat, 1947, 

11. Petrovskii, I. G., Lektsii ob uravneniiakh s chastnyni proitvodnyni 

(Lectures on Partial Differential Equations). Gostekhteoretizdat. 
1950. 

12, Kolmogorov, A.N. and Fomin, S.V., Elenenty teorii funktsii i 

funktsional’nogo analiza (Elements of the Theory of Functions and 

of Functional Analysis). Isd-vo MGU, 1’951. 

13. Yoshizawa, T., On the stability of solutions of a system of differ- 
ential equations. Mear. CoZl. Sci. Univ. Xyoto. A29, Bath,, No. 1, 
1955. 

14. Zubov, V.I., letody Liapunova i ikh primenenie (Liapunov’s Methods 

and their Application). Izd-vo LOU, 1937. 

Translated by H. P. T. 


